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Nuclear-spin relaxation induced by shape fluctuations in membrane vesicles
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Nuclear-spin relaxation rates resulting from shape fluctuations ofunilamellar quasispherical vesiclesare
calculated. We show that in the kHz range these fluctuations yield—in contrast to previous conclusions on
planar membranes – a relaxation rate proportional to the inverse Larmor frequency and provide direct infor-
mation on the bending rigidity of membranes.
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Lipid vesicles represent simple model systems for
study of structural and dynamical properties of biome
branes@1#. A crucial parameter determining the shape flu
tuations and functionality of a closed membrane is the be
ing elastic energy and the associated modulusk.
Measurements ofk have been performed using a variety
methods including video microscopy@2–4#, micropipet@5#,
and electric-field deformation techniques@6#, as well as
nuclear magnetic resonance~NMR! relaxometry@7,8#. A the-
oretical basis for the NMR studies was given by Marqus
et al. @9# who calculated the nuclear-spin relaxation rate d
to out-of-plane fluctuations, i.e., undulations, of a plan
membrane. They found that the spin-lattice relaxation
duced by planar membrane undulations depends linearly
the Larmor frequency,T1

21}v21, similarly as in thermotro-
pic liquid crystals with a layered structure@10#. Although the
spectrum of collective orientational fluctuations extends o
a wide dynamic range, the relative contribution of th
mechanism to the total relaxation rate is expected to
greatest at kHz frequencies where the effects of fast mole
lar motions are negligible. In fact, the linear dispersion b
havior was experimentally observed in the kHz frequen
regime for multilamellar stacks of planar membranes@11#
and for oligolamellar dispersions of various lipid
@7,8,12,13#. Later, however, doubts were raised about the
pability of NMR to determinek in such systems as the in
termembrane coupling might limit the free membrane un
lations to the upper MHz regime, where they are har
observable anymore@14,15#.

In this paper, we consider the relaxation of nuclear sp
in unilamellar quasispherical vesicleswhere the problem of
interbilayer interactions does not exist. Thermally excit
fluctuations are restricted only by the finite area and volu
of the closed bilayer shell. We show that the fluctuati
modes characteristic of such vesicles give rise to spin re
ation with a linear dispersion regime extending far into t
kHz range. This opens a direct way to determine the bend
elastic modulus and some other viscoelastic properties
membrane vesicles. The new approach is well suited
supplement video microscopy techniques by extending
accessible frequency range of fluctuations. This might
particularly interesting in view of the conjectured depe
dence of the bending elastic modulus on the wavelength
the elastic deformations@16#.
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NMR relaxometry generally comprises the nuclear-sp
relaxation measurements in the frequency range between3

and 109 Hz @17,18#. This wide dynamic range is covere
either by combining standard measurements of the s
lattice relaxation time (T1) in the high-MHz regime with the
field-cycling technique@17#, or by measuring the dependenc
of the transverse spin-relaxation time on the pulse spacin
the Carr-Purcell-Meiboom-Gill echo experiment (T2E

CP) @11#.
Various nuclei, such as1H, 2H, 13C, and 31P, have been
used as NMR probes in lipid membranes. In all cases,
spin-relaxation results from the time-dependent interact
of the probe nucleus with the local electric or magne
fields. The relaxation is directly related to the intensity a
frequency of the thermal motions of the spin-bearing m
ecule. Quantitatively, the relaxation rates are determined
the strength of the nuclear interaction and by the spec
density functionsJ(v) that are Fourier transforms of th
correlation functions related to molecular motions. Fast
ternal and local reorientations of lipid molecules domina
the relaxation in the MHz regime. These motions only par
average the anisotropic nuclear-spin interactions becaus
orientational order of the molecules in the lipid bilayer. T
residual anisotropy is then modulated by slow collect
lipid motions, associated with fluctuations in the shape of
vesicles. Exactly these latter motions and their contribut
to nuclear-spin relaxation will be discussed in this paper.

To get a basic idea about the effect of vesicle fluctuatio
on nuclear-spin relaxation, we adopt a hydrodynami
model, developed by Milner and Safran@19# on the basis of
Helfrich’s theory of the elasticity of lipid bilayers@20#. In
this model, a vesicle is considered as a quasispherical s
of radius R0 with constant volumeV54pR0

3/3 and fixed
areaA. These assumptions are justified as the energy nee
to compress the fluid inside or outside the vesicle or
change the area per lipid molecule is much larger than
energy needed to bend the bilayer. It is assumed that
vesicle is flaccid, i.e., the areaA is larger than the area of th
spherical shell with volumeV, and that the difference can b
expressed in terms of the dimensionless excess areaD that
depends on the vesicle preparation and on the temperat

A5~4p1D!R0
2 . ~1!
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For a quantitative modeling of the fluctuations, the vesicle
described by a slightly deformed spherical surface as

R~u,f!5R0@11u~u,f!#, ~2!

whereu andf denote the polar and azimuthal angles of t
positional vector on the sphere andu(u,f) represents the
instantaneous displacement of the vesicle surface from
spherical conformation. It is convenient to expandu(u,f) in
a series of spherical harmonicsYl ,m(u,f),

u~u,f!5(
l

(
m52 l

l

ul ,mYl ,m~u,f!. ~3!

The indicesl and m specify the normal modes in spheric
geometry that are discrete in contrast to the planar c
where the undulations are expressed in terms of plane w
with a continuous distribution of in-plane wave vectorsq' .

The displacement of the membraneu(u,f) generates a
curvature and consequently a deflection of the local me
brane normal away from its average orientation in the ra
direction~Fig. 1!. The unit vectorn5(nr ,nu ,nf), represent-
ing the instantaneous direction of the local membrane n
mal, corresponds to the well-known director in thermotro
liquid crystals. If the amplitudes of fluctuations are small a
only the leading terms up to the first order inu(u,f) are
retained, the componentsnu and nf of the normal can be
expressed in terms of the radial displacements through

nu52
]u~u,f!

]u
, nf52

1

sinu

]u~u,f!

]f
. ~4!

Since the orientational fluctuations of the normal a
equivalent to collective orientational fluctuations of the lip
molecules, their effect on the spin relaxation is described
the spectral density function@9,15,21,22#

J~v!5ReE
2`

1`

@^nu~0!nu* ~ t !&1^nf~0!nf* ~ t !&#e2 ivtdt.

~5!

FIG. 1. Schematic presentation of a quasispherical ves
n(u,f,t) is the local normal,R0 is the radius of a sphere with
volumeV, andR includes the time-dependent radial displaceme
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Here again, the small amplitude approximation was used
calculate the correlation functions in Eq.~5!, nu andnf are
expressed in terms of the membrane displacements@Eq. ~4!#
and in the next step in terms of a superposition of spher
waves with amplitudesul ,m(t). For symmetry reasons th
correlation functions do not depend on the position on
sphere. Taking into account the orthogonality of spheri
harmonics, we obtainJ(v) as a sum of contributions of in
dividual excitation modes characterized by the numberl:

J~v!5
1

4p (
l 52

l max

l ~ l 11!~2l 11!

3ReE
2`

1`

^ul ,m~0!ul ,m* ~ t !&e2 ivtdt. ~6!

The upper limit of summation,l max, is determined by the
size of the molecules,l max'pR0 /a, wherea is the average
distance between neighboring molecules in the lateral di
tion. The lower limit isl 52 since thel 50 andl 51 modes
do not contribute to the relaxation. They represent a unifo
radial displacement and a vesicle translation, respectiv
The correlation function in Eq.~6! does not depend onm
@19#, therefore the summation overm has been performed
directly.

The normal modes involved in Eq.~6! are overdamped
since a strong dissipation arises from viscous damping of
bilayer by the surrounding fluid. In this process, the restor
force of the membrane is balanced by the viscous resista
of the water. According to Schneideret al. @23# and Milner
and Safran@19#, the time correlation function of the radia
membrane displacementsul ,m can be expressed as

^ul ,m~0!ul ,m* ~ t !&5^uul ,mu2&e2t/t l, ~7!

where

^uul ,mu2&5
kBT

k

1

~ l 12!~ l 21!~ l 21 l 1s!
~8!

and

t l5
hR0

3

k

~2l 11!~2l 212l 21!

l ~ l 11!~ l 12!~ l 21!~ l 21 l 1s!
. ~9!

Here,h is the viscosity of water ands denotes an effective
lateral tension related to the excess areaD. It is interesting to
note that Eq.~8!, though evaluated for a simple model, do
not change for the more elaborated models of vesicle fl
tuations@1#. Taking into account that lateral molecular diffu
sion is much slower than collective membrane dynam
J(v) is calculated by inserting Eqs.~7!–~8! into Eq. ~6! and
integrating over the time@24#. This leads toJ(v)

J~v!5
kBT

4pk (
l 52

l max l ~ l 11!~2l 11!

~ l 21 l 22!~ l 21 l 1s!

2t l

~11v2t l
2!

.

~10!
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In Fig. 2, the frequency dependence of the spectral d
sity function, given by Eq.~10!, is depicted for different
vesicle sizes~upper panel! and for different values ofk
~lower panel!. One sees thatJ(v)—and consequently the
nuclear spin relaxation rates—depend linearly onv21 over a
wide frequency range. Notably, within this linear dispersi
regime, the magnitude ofJ(v) is independent of the size o
the vesicleR0, the effective lateral tensions, and the viscos-
ity of the surrounding mediumh, leaving the bending elasti
modulusk as the only relevant parameter. On the other ha
R0 , s, h, and k determine the frequency at whichJ(v)
levels off to assume a constant ‘‘plateau’’ value independ
of v. Our results show that for vesicles with a radiusR0>
;0.4 mm, the linear dispersion extends down tov
;104 Hz regardless of the small variations in viscosity a
lateral tension that might occur in practice.

A linear dependence ofJ(v) was predicted earlier fo
relaxation due to undulations of a free planar membrane@9#.
It was also pointed out that in this caseJ(v) only depends
on the bending elastic modulusk. In reality, however, it is
difficult to estimate the conditions under which free me
brane undulations occur in a multilamellar stack, since t
requires knowledge of the compression modulusB, which is
extremely scarce. According to a previous conjectureB
might be large enough to restrict the linear dispersion reg
of J(v) to MHz frequencies@14#. Evidently, unilamellar
vesiclesrepresent better-defined model systems, since
low cutoff frequency depends entirely on the relaxati
time of the slowest mode as long as the magnetic damp
is negligible.

FIG. 2. Frequency dependence of the spectral density func
J(v): ~a! for three different radiiR0 of the vesicle andk54
310220 J; ~b! for three different values of the bending elas
modulusk andR05500 nm. Other parameters used in the plot a
h56.531024 Ns/m2, s50, andT5313 K.
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Nevertheless, it is interesting to compare theJ(v) disper-
sion profiles calculated forunilamellar vesicleswith those
obtained for planar fluctuations with a given long wav
length cutoffl l52p/q' l

. For simplicity,l l was set equal to
the diameter of the vesicle. The comparison is presente
Fig. 3. The two curves, referring to planar fluctuations, dif
in the dispersion relation for the mode relaxation timetq'

.

First, J(v) was calculated fortq'
5hd/kq'

2 , whered de-
notes the thickness of the membrane. Such a dependen
tq'

on q' is characteristic of thermotropic liquid crystal
but has also been used for bilayer membranes@9,11,14#. The
resultingJ(v) turns out to be frequency independent~‘‘pla-
teau’’ value! in the whole kHz range~dotted line!. Second,
J(v) was calculated usingtq'

54h/kq'
3 , that has been de

rived by taking into account the hydrodynamic interaction
the bilayer membrane with the surrounding medium@25,26#.
With this dispersion relation,J(v) levels off at a cutoff fre-
quency that is at least two orders of magnitude smaller t
in the first case~dashed line!. Notably, in the linear regime
the spectral density function for planar fluctuations, deriv
with tq'

54h/kq'
3 , assumes the simple form

J~v!5
kBT

6kv
, ~11!

which is identical with that obtained for quasispherical flu
tuations in the same frequency range~solid line!.

Finally, it should be noted that the kHz frequency range
calculatedJ(v) is well accessible by present NMR tech
niques. The method of detergent dialysis enables prepara
of unilamellar vesicle dispersions with a narrow distributi
of vesicle sizes@27#. The proportionality coefficient betwee
the measured relaxation rate andJ(v) can exactly be deter
mined by measuring simultaneously the relaxation rate
the splitting of the NMR spectrum@28#. This coefficient de-
pends also on the position of the probe nucleus in

n

:

FIG. 3. Frequency dependence of the spectral density func
J(v) for a quasispherical vesicle~solid line!, a freely undulating
planar membrane withtq'

5hd/kq'
2 ~dotted line!, and a freely un-

dulating planar membrane withtq'
54h/kq'

3 ~dashed line!. The
long wavelength cutoff of the planar membrane fluctuations is 2R0

in both cases. Other parameters used in the plot are:R0

5500 nm, k54310220 J, h56.531024 Ns/m2, s50, d
54 nm, andT5313 K.
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BRIEF REPORTS PHYSICAL REVIEW E 64 022902
vesicle, a procedure has been developed to extract separ
the relaxation rate for particular orientations@29#. In prin-
ciple, one might expect that lateral translational diffusion
lipid molecules could average the relaxation rates of differ
parts of the vesicle. In reality, however, the diffusion with
coefficient of D'5310212 m2/s is too slow for such an
effect in vesicles larger than a few hundred nanome
@30,31#. It is also too slow to contribute significantly to th
relaxation process in the kHz range@27#. For the same rea
son, contributions from Brownian motion of the vesicle a
whole can be neglected.

On the basis of the above arguments we can be reason
sure to predict that the nuclear-spin-relaxation rates fr
unilamellar quasispherical vesiclesare governed by shap
fluctuations for at least a few frequency decades in the k
range. Values for the bending elastic modulus of the me
brane might easily be extracted from the linear dispers
ys
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regime, wherek is the only adjustable parameter. This cou
be relevant to studies of the modulation of the membra
rigidity by different membrane constituents, such as chol
terol or proteins. In addition, the new technique could p
vide the experimental basis for a crucial test of molecul
dynamics simulations of bilayer membranes in t
mesoscopic range@32#. Finally, we showed that even in pla
nar membranes, NMR relaxometry might give a notion
the dispersion relation for the mode relaxation time, sinc
drastically affects the low-frequency cutoff of the spect
density function.
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@8# G. Althoff, N. J. Gröbner, R. S. Prosser, and G. Kothe, Co

loids Surf. A31, 115 ~1996!.
@9# J. A. Marqusee, M. Warner, and K. A. Dill, J. Chem. Phys.81,

6404 ~1984!.
@10# R. Blinc, M. Luzar, M. Vilfan, and M. Burgar, J. Chem. Phy

63, 3445~1975!.
@11# J. Stohrer, G. Gro¨bner, D. Reimer, K. Weisz, C. Mayer, and G

Kothe, J. Chem. Phys.95, 672 ~1991!.
@12# E. Rommel, F. Noack, P. Meier, and G. Kothe, J. Phys. Ch

92, 2981~1988!.
@13# J. Struppe, F. Noack, and G. Klose, Z. Naturforsch.52a, 681

~1997!.
@14# B. Halle, Phys. Rev. E50, R2415~1994!.
@15# B. Halle and S. Gustafsson, Phys. Rev. E56, 690 ~1997!.
@16# W. Helfrich, in Structure and Dynamics of Membranes, edited
.

-

.

by R. Lipowsky and E. Sackmann~Elsevier, Amsterdam,
1995!, p. 691.

@17# F. Noack, Progress NMR Spectrosc.18, 171 ~1986!.
@18# R. Kimmich, NMR Tomography, Diffusiometry, Relaxomet

~Springer, Berlin, 1997!.
@19# S. T. Milner and S. A. Safran, Phys. Rev. A36, 4371~1987!.
@20# W. Helfrich, Z. Naturforsch.28c, 693 ~1973!.
@21# P. Pincus, Solid State Commun.7, 415 ~1969!.
@22# R. L. Vold, R. R. Vold, and M. Warner, J. Chem. Soc., Farad

Trans. 284, 997 ~1988!.
@23# M. B. Schneider, J. T. Jenkins, and W. W. Webb, J. Ph

~France! 45, 1457~1984!.
@24# J. H. Freed, J. Chem. Phys.66, 4183~1977!.
@25# F. Brochard and J. F. Lennon, J. Phys.~France! 36, 1035

~1975!.
@26# S. Ljunggren and J. C. Eriksson, J. Chem. Soc., Faraday Tr

87, 153 ~1991!.
@27# G. Althoff, O. Stauch, M. Vilfan, D. Frezzato, G. J. Moro, R

Schubert, and G. Kothe~unpublished!.
@28# R. Y. Dong,Nuclear Magnetic Resonance of Liquid Crysta

~Springer, New York, 1994!.
@29# G. Kothe and N. J. Heaton, inEncyclopedia of Nuclear Mag-

netic Resonance, edited by D. M. Grant and R. K. Harris
~Wiley, Chichester, 1996!, Vol. 7, p. 4436.

@30# N. J. Heaton, G. Althoff, and G. Kothe, J. Phys. Chem.100,
4944 ~1996!.

@31# P. Wolfangel, H. H. Meyer, U. T. Bornscheuer, and K. Mu¨ller,
Biochim. Biophys. Acta1420, 121 ~1999!.

@32# E. Lindahl and O. Edholm, Biophys. J.79, 426 ~2000!.
2-4


